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Hairy mass bound in the Einstein-Born-Infeld black hole
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We study the Einstein-Born-Infeld (EBI) theory where the hairy black hole was found as the EBI
black hole by using Hod’s idea. The hair extends beyond the photon-sphere of the EBI black hole
spacetimes. We show that the region beyond the photon-sphere involves more than half of the total
hair’s mass, which respects Hod’s conjectured bound.
PACS numbers: 04.70.Bw, 04.60.Kz, 04.50.Kd
It is known that when a black hole is not completely
determined by the global three charges of ADM mass
M , electric charge Q, and angular momentum J defined
at infinity, but rather it possesses short range charges
(hair) that vanish at infinity, one calls it a hairy black
hole. It includes the Einstein-Yang-Mills (EYM) black
hole with color index n [1–3] and Einstein-Born-Infeld
(EBI) black hole with Born-Infeld (BI) parameter b2 [4,
5]. The difference is that the color charge n is discrete,
while the BI parameter b2 is continuous. However, a
difficult issue has been to analyze these hairy black holes
completely.
Recently, Hod revisited the EYM theory where hairy
black hole was found as the EYM black hole [6]. The
hair extends beyond the photon-sphere of the black
hole spacetimes. He argued that the region beyond the
photon-sphere involves more than half of the total hair’s
mass. It is well known that the nonlinear character of
the YM fields plays a crucial role in constructing the
hairy black hole [7]. More clearly, the nonlinearity of
the YM fields is an essential tool in binding together
the hair in two regions such that the near-horizon hair
between event horizon and photon-sphere does not col-
lapse into the black hole, whereas the far-region hair be-
tween photon-sphere and infinity does not escape to in-
finity. Finally, he has proposed the hairy mass bound
of m+hair/m
−
hair ≥ 1, where m+hair(m−hair) denotes the hair
mass difference of far-region (near-horizon) and photon-
sphere. Here mhair is the mass of the hair that resides
outside the horizon, i.e, mhair = m
+
hair +m
−
hair.
On the other hand, a charged black hole was ob-
tained from Einstein gravity minimally coupled to non-
linear electro-magnetics, which is known as the EBI black
hole. It is regarded as a nonlinear generalization of the
Reissner-Nordstro¨m (RN) black hole [4, 5]. At infinity,
the EBI black hole with (M,Q, b2) is indistinguishable
from the RN black hole (M,Q), which implies that b2
is considered as a free parameter like color index n for
the EYM black hole. Indeed, Breton has applied the iso-
lated horizon formalism to the EBI black hole and, he
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has shown clearly that the BI parameter b2 plays the
same role of color index n for the EYM black hole [8],
although n is the parameter of the solution while b2 is
the parameter of the theory. Here, the BI parameter b2
provides two limiting cases: the limit of b2 → ∞ corre-
sponds to the RN black hole, while in the limit of b2 → 0
(or Q = 0), one arrives at the Schwarzschild black hole
without charge Q.
In this work, we study the EBI theory where hairy
black hole was found as bound state of EBI black hole and
EBIon by making use of Hod’s idea. A key motivation
is that the solution of EBI black hole was known to take
an analytic form unlike the EYM black hole in which
the solution was found by numerical way. Hence, it may
provide a good bed for testing the hairy mass bound.
We first introduce Einstein gravity coupled with non-
linear electromagnetics known as the EBI action [8]
SEBI =
∫
d4x
√−g
[
R
16πG
+ L(P, Q˜)
]
, (1)
where the Born-Infeld Lagrangian is given by
L(P, Q˜) = −P
µνFµν
2
+K(P, Q˜) (2)
with the structural function
K(P, Q˜) = b2
(
1−
√
1− 2P
b2
+
Q˜2
b4
)
. (3)
In these expressions, Fµν is defined by Fµν = ∇µAν −
∇νAµ with a vector potential Aµ and Pµν , P, Q˜ are
given by
Pµν = 2
∂L
∂Fµν
, P =
1
4
PµνP
µν , Q˜ =
1
4
Pµν P˜
µν , (4)
where P˜µν denotes the dual tensor of Pµν , defined by
P˜µν = ǫµνρσPρσ/2. Also, the coupling constant b
2 rep-
resents the BI parameter. Now we introduce the line
element with the metric function fEBI(r) as follows:
ds2EBI = −fEBI(r)dt2 +
dr2
fEBI(r)
+ r2
(
dθ2 + sin2 θdφ2
)
.
(5)
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FIG. 1: (left panel) Metric function fEBI(r) as a function of r with b = 2, Qg = 1. For M = M∗ = 0.99 the degenerate horizon
is located at r∗ = 0.9724, while for M > M∗, the black hole appears with the inner horizon r− = 0.1696 and the outer horizon
r+ = 2.6181. For M < M∗, there is no black hole.
(right panel) Mass function mEBI(r) as a function of r for M = 1.5, Qg = 1, b = 2, r+ = 2.61, rγ = 4. In region beyond
the photon-sphere, m+
EBI
involves more than half of the total hair’s mass.
Choosing a spherically symmetric background (5), the
electrically (magnetically) charged solution is obtained
by taking
F10 =
Q√
r4 + Q
2
b2
, P10 =
Q
r2
. (6)
In this work, we consider the magnetically charged case
only (from here on we put Q = Qg). The EBI black hole
solution can be written as [see Fig.1 (left panel)]
fEBI(r) = 1− 2M
r
+
2b2r2
3
(
1−
√
1 +
Q2g
b2r4
)
+
4Q2g
3r
G(r), (7)
G′(r) = − 1√
r4 +
Q2g
b2
, (8)
where G′(r) denotes the derivative of G(r) with respect
to its argument. G takes the form
G(r) =
∫ ∞
r
ds√
s4 +
Q2g
b2
=
1
r
F
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4
]
, (9)
where F is the hypergeometric function. In the pres-
ence of a negative cosmological constant and an electric
charge, its solution and thermodynamics were investi-
gated in [9–11]. On the other hand, for the soliton solu-
tion, it takes the form
G(r) = −
∫ r
0
ds√
s4 +
Q2g
b2
. (10)
For large r, the expansion of fEBI with G(r) [Eq.(9)] is
given approximately by
fEBI(r) ≃ 1− 2M
r
+
Q2g
r2
+
(
− Q
4
g
20b2r6
+
Q6g
72b4r10
− 5Q
8
g
832b6r14
+ · · ·
)
. (11)
We would like to mention two limiting cases as guided
black holes to understand the EBI black hole. In the
limit of Qg → 0, the metric function reduces to the
Schwarzschild case, while in the limit of b → ∞ and
Qg 6= 0, the metric function reduces to the RN case.
The relation between the ADM mass M and the hori-
zon radius r+ is obtained by the condition of fEBI(r+) =
0 [8]
M(r+, Qg, b) =
r+
2
+
b2r3+
3
(
1−
√
1 +
Q2g
b2r4+
)
+
2Q2g
3r+
F
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4+
]
. (12)
This is possible because “M -term” includes as a single
one in the metric function fEBI.
Recently, Hod proposed that in the presence of a hairy
black hole, a non-trivial configuration of the hair extends
above the null circular geodesic (photon-sphere) of the
black hole spacetimes. According to Hod’s approach [6],
the radius rγ of the photon-sphere in the hairy EBI black
hole is determined by the relation
2fEBI(r)− rf ′EBI(r)
∣∣∣
r=rγ
= 0
→ 3rγ
(
M − rγ
3
)
= 2Q2gF
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4γ
]
(13)
which implies that the radius rγ is determined completely
for given (M, Qg, b
2) by numerical way. Importantly,
3the nonlinear property of the BI fields provides a key
mechanism in binding together the hair in two regions:
m+EBI and m
−
EBI where
m+EBI ≡M −mEBI(rγ) (14)
is the hair mass difference between photon-sphere and
infinity and
m−EBI ≡ mEBI(rγ)−mEBI(r+) (15)
is the hair mass difference between event horizon and
photon-sphere. In (14) and (15), the mass function
mEBI(r) defined by
fEBI(r) ≡ 1− 2mEBI(r)
r
(16)
takes the form
mEBI(r) = M − b
2r3
3
(
1−
√
1 +
Q2g
b2r4
)
−2Q
2
g
3r
F
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4
]
. (17)
At the horizon, the mass function takes a simple form
mEBI(r+) =
r+
2
. (18)
Hence, m+EBI and m
−
EBI are computed to be
m+EBI =
b2r3γ
3
(
1−
√
1 +
Q2g
b2r4γ
)
+
2Q2g
3rγ
F
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4γ
]
, (19)
m−EBI =
b2
3
{
r3+
(
1−
√
1 +
Q2g
b2r4+
)
− r3γ×
(
1−
√
1 +
Q2g
b2r4γ
)}
+
2Q2g
3
{
1
r+
F
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4+
]
− 1
rγ
F
[1
4
,
1
2
,
5
4
;− Q
2
g
b2r4γ
]}
. (20)
Using the above expressions, the ratio of distributions of
the hair outside the horizon can be obtained as
m+EBI
m−EBI
=
1
b2r3
+
(
1−
√
1+
Q2g
b2r4
+
)
+
2Q2g
r+
F
[
1
4
, 1
2
, 5
4
;−
Q2g
b2r4
+
]
b2r3γ
(
1−
√
1+
Q2g
b2r4γ
)
+
2Q2g
rγ
F
[
1
4
, 1
2
, 5
4
;−
Q2g
b2r4γ
] − 1
(21)
We would like to mention that in the limit of b→∞, the
above ratio reduces to the case for the RN black hole,
m+RN
m−RN
=
1
rRNγ
rRN
+
− 1
≥ 1, (22)
where rRNγ =
[
3M +
√
9M2 − 8Q2
]
/2 and rRN+ = M +√
M2 −Q2. The equality is achieved for the extremal
black hole with Q = M . We note that the bound (22)
is valid for a linear electromagnetic theory. However,
Hod conjectured that this bound persists in the nonlinear
EYM theory1:
m+hair
m−hair
≥ 1. (23)
On the other hand, it is interesting to check if the EBI
black hole satisfies the conjectured bound (23). For this
purpose, we calculate the ratio (21) by setting2 M =
1.5, Qg = 1, b = 2, r+ = 2.61, rγ = 4 as [see Fig.1(right
panel)]
m+EBI
m−EBI
= 1.89 (24)
which implies that the EBI hair outside the horizon
satisfies the conjectured bound (23).
In summary, when taking into account m+EBI and
m−EBI in the EBI black hole, the mass ratio (m
+
EBI/m
−
EBI)
is given by (24), which implies that the EBI hair outside
the horizon respects Hod’s conjectured bound (23).
It is therefore found that the EBI black hole gives
another example of showing that the region above the
photon-sphere contains more than half of the total hair’s
mass.
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1 Hod has tested the bound (23) for large EYM black holes
and confirmed that it satisfies the conjectured bound (23) as
m+
EYM
/m−
EYM
= 2.08 for n = 1.
2 Note that we have tested the bound of m−
EBI
> m+
EBI
for b =
(0.1, 1, 10, 100, 1000).
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